We match three hadronic equations of state at low energy densities to a perturbatively computed equation of state of quarks and gluons at high energy densities. One of them includes all known hadrons treated as point particles, which approximates attractive interactions among hadrons. The other two include, in addition, repulsive interactions in the form of excluded volumes occupied by the hadrons. A switching function is employed to make the crossover transition from one phase to another without introducing a thermodynamic phase transition. A chi-square fit to accurate lattice calculations with temperature 100 < T < 1000 MeV determines the parameters. These parameters quantify the behavior of the QCD running gauge coupling and the hard core radius of protons and neutrons, which turns out to be 0.62 ± 0.04 fm. The most physically reasonable models include the excluded volume effect. Not only do they include the effects of attractive and repulsive interactions among hadrons, but they also achieve better agreement with lattice QCD calculations of the equation of state. The equations of state constructed in this paper do not result in a phase transition, at least not for the temperatures and baryon chemical potentials investigated. It remains to be seen how well these equations of state will represent experimental data on high energy heavy ion collisions when implemented in hydrodynamic simulations.
I. INTRODUCTION
The equation of state of Quantum Chromodynamics (QCD) at finite temperature is studied theoretically in a variety of ways. Starting from low temperatures one has a dilute gas of pions and nucleons. With increasing temperature hadron resonances are created and contribute to the equation of state. If the spectrum of resonances increases exponentially with mass then one reaches a Hagedorn limiting temperature which experiments and models suggest is about 160 MeV. This conclusion is based on the treatment of hadrons as point particles, which they are not. Starting from extremely high temperatures one can use perturbation theory to calculate the equation of state because QCD has the property of asymptotic freedom whereby the effective gauge coupling decreases logarithmically with temperature. As the temperature is lowered the coupling eventually becomes large and perturbation theory is no longer useful. The only reliable approach for all temperatures is to do numerical calculations with lattice QCD.
The goal of this paper is to find a means for switching from a hadron resonance gas at low temperature, preferably treating the hadrons not as point particles but as extended objects, to a plasma of weakly interacting quarks and gluons at high temperature. We will construct a switching function that does just that. The parameters will be adjusted to fit the lattice equation of state at zero chemical potentials. Then the model can make parameterfree predictions for both finite temperature and chemical potentials. Lattice calculations at finite chemical potentials face well-known problems, but comparison to one of them at a baryon chemical potential of 400 MeV is quite good. The equation of state constructed in this paper can be used in hydrodynamical models of high energy heavy ion collisions. It has the advantage that at the moment of freeze-out from fluid behavior to individual hadrons, one will know the chemical abundance of all the hadrons which then can either be compared to experimentally observed abundances or used as the initial condition for a cascade after-burner.
The outline of this paper is as follows. In section II we will compare the hadron resonance model of point particles and the most recent calculations of perturbative QCD to the lattice equation of state to illustrate the problem we are addressing. In section III we will review and extend two versions of the excluded volume model which take into account the extended spatial size of hadrons. In section IV we will construct a switching function, and adjust its parameters and the other parameters in the model by doing a chi-square fit to both the pressure and the trace anomaly/interaction measure. The resulting parameters provide physical information, such as the size of hadrons and one optimum way to choose the scale of the running gauge coupling as a function of temperature and baryon chemical potential. In section V we will compare with lattice results at a baryon chemical potential of 400 MeV. Our conclusions are contained in section VI.
II. HADRON RESONANCE GAS AND PERTURBATIVE QCD
The equation of state of the hadronic phase is usually assumed to be a hadron resonance gas where all observed, and sometimes extrapolated, hadrons are included as free noninteracting point particles. According to the arguments by Dashen, Ma and Bernstein [1] , this is a reasonable way to include attractive interactions. (Repulsive interactions will be addressed in the next section.) Each hadronic species labeled by α contributes to the pressure as
The sign is chosen according to whether the hadron is a boson or a fermion. The inverse temperature is denoted by β and µ α is the chemical potential. Formulas for the energy density, entropy density, and for the conserved quantum numbers are standard. Following a well-trodden path, we include all hadrons appearing in the most recent Particle Data Group compilation. For completeness, and for use by others, we provide a table in Appendix A. The equation of state of the quark-gluon plasma is calculated using perturbation theory in the gauge coupling. Many papers have contributed to this endeavor since the first papers in the late 1970's. Here we use the latest results which include terms up to order α 3 s ln α s . The formula for the pressure is given in Appendix B. We assume 3 flavors of massless quarks. There are two issues with obtaining accurate numerical results. First, it was observed early on that the series in α s is oscillatory, so that at non-asymptotic temperatures the results depend to some degree on where the series is terminated. Second, one has some freedom in choosing the renormalization scale M for α s . In ref. [2] it was suggested to choose M 2 roughly equal to the average three-momentum of the quarks and gluons. For massless particles with quark chemical potential µ q = µ/3 = 0, one finds M ≈ 3T , the exact coefficient depending on whether they are bosons or fermions. For massless particles with T = 0, one finds M ≈ µ q . Another commonly used argument for the choice of scale is that M = πT since that is the smallest Matsubara frequency. We shall choose
and adjust the coefficient C M to best represent the lattice results. What is important here is the relative proportion of T and µ q , which is chosen on the basis of the above arguments. The quantity labeled by t which enters into the solution of the 3-loop beta function for the running coupling would usually be taken to be t = ln(M 2 /Λ 2
M S
). This results in a divergence of the running α s at small but finite values of the temperature and chemical potential, the famous Landau pole. In reality one would expect α s to remain finite even at zero energy scale, although its value is most likely gauge-dependent. To address this problem we choose
where C S is a constant used to soften the Landau pole; along with C M it will be adjusted to represent best the lattice results.
The lattice results at zero chemical potential to which we compare were reported in [3] . They included 2+1 flavors of quarks (strange quark heavier than up and down quarks). The temperature range sampled was from 100 to 1000 MeV, extending even beyond the highest temperatures expected at CERN's Large Hadron Collider (LHC). Figure 1 shows the pressure divided by T 4 . The hadron resonance gas represents the lattice result very well up to about T = 200 MeV and then greatly exceeds them. If we had included a full exponential spectrum of hadronic states, with level density proportional to exp(m/T H ) where T H = 160 MeV is the Hagedorn temperature, the pressure would either end at a finite value or diverge at T H , depending on the pre-exponential factor. This doesn't happen here because we include a very large but still finite number of hadronic states. The perturbative QCD result represents the lattice result very well down to a temperature of about 200 MeV. It appears from this figure that doing a little matching between the two limiting forms of the pressure in the vicinity of 200 MeV would achieve our goal. Figure 2 shows the trace anomaly, sometimes also called the interaction measure, of ( − 3P )/T 4 . The hadron resonance gas represents the lattice result very well up to a temperature of about 150 MeV and then greatly exceeds it. This is due to an increasing number of massive hadronic states with increasing temperature, massively diverging from a free massless gas which has = 3P . The perturbative QCD result represents the lattice result very well down to a temperature of about 220 MeV. It also massively deviates at lower temperature because the renormalization group running coupling is becoming large, reflecting the intrinsic QCD scale Λ M S . Between these two limiting contributions there is a cusp around 190 MeV.
The perturbative QCD parameters were chosen by doing a chi-square combined fit to the pressure and the trace anomaly for T > 200 MeV. For definiteness we fixed Λ M S = 290 MeV, but it should be noted that the choice is irrelevant since the value of C M can be adjusted accordingly. The result of the fit is C M = 3.293 and C S = 1.509 with a chi-squared per degree of freedom of 1.397.
It would appear from these results that one could just terminate the hadron resonance gas contribution somewhat below 200 MeV and the perturbative QCD contribution somewhat above, and find an interpolating function to fill in the middle. The problem is that eventually one will find that some n'th order derivative of P with respect to T will become discontinuous at each of the matching points, leading to a phase transition of order n. This is unacceptable. We tried various matching functions, arguing that if n is large enough it would have no The dotted curve represents the parameter-free, point particle hadron resonance gas. The solid curve represents perturbative QCD with 2 parameters adjusted to fit the lattice result taken from [3] .
practical effects for use in modeling heavy ion collisions, but we did not succeed. In addition, one would have to do this interpolation as a function of µ, and the equation of state for arbitrary T and µ is not known from lattice calculations.
III. EXCLUDED VOLUME MODELS
Hadrons are not point particles, and repulsive interactions can be implemented via an excluded volume approximation whereby the volume available for the hadrons to move in is reduced by the volume they occupy, as first suggested in [4] [5] [6] . There are at least two thermodynamically self-consistent versions of this model. Here we extend one of these models, referred to as model I [7] , which was originally formulated at finite temperature, to include finite chemical potentials. Then we compare and contrast it to what we refer to as model II [8] , which appeared a decade later. Model II has been compared to experimental data a number of times, such as in [9] and [10] . Our arguments are phrased in terms of classical statistics, or Boltzmann distributions, for clarity of presentation. However, this is not a limitation, and the extension to quantum statistics is deferred to later.
A. Model I
In the independent-particle approximation the partition function for a hadron of species α is V z α where V is the total volume of the system and
In the canonical ensemble the total number of particles is fixed, whereas in the grand canonical ensemble only the average is. Let n denote the total number of species. The partition function in the grand canonical ensemble in the point particle approximation is
where N is the total number of particles irrespective of species. The excluded volume approximation being applied here reduces the total volume V by the amount occupied by the N hadrons
The assumption is that the volume excluded by a hadron is proportional to its energy with the constant of proportionality 0 (dimension of energy per unit volume) being the same for all species. It is also assumed that hadrons are deformable so that there is no limitation by a packing factor as there would be for rigid spheres, for example. This is model I.
In the pressure ensemble [4, 5] the partition function is the Laplace transform of the grand canonical partition function in volume space.
In the present context the relevant integral is
wherez α = (2s α + 1)
The factor
is just the number of ways to choose N 1 particles of type 1, N 2 particles of type 2, etc. out of a total of N = N 1 + · · · + N n particles. Hencẽ
In the pressure ensemble the pole ξ p furthest to the right along the real axis determines the pressure as ξ p = βP ex (β, µ). Note that
where P pt is the point particle pressure with effective inverse temperature β * = β + ξ p / 0 and baryon chemical potential µ * = βµ/β * . (The generalization to more than one conserved charge is obvious.) This implies that the pressure in the excluded volume approximation is expressed in terms of the point particle pressure as
with the real temperature and chemical potential expressed in terms of the effective ones by
Straightforward but tedious thermodynamic relations lead to
Note that in this model there is a natural limiting energy density of 0 . The model is solved by picking specific values for T * and µ * , calculating the point particle properties with these values, and using them to calculate the true T and µ and thermodynamic properties in the excluded volume approximation. The chemical potential for each species has the same multiplicative factor. It is rather tedious to present the derivation with quantum statistics. The result is simply to calculate the point particle quantities with the inclusion of Bose or Fermi statistics. The fundamental thermodynamic relations may easily be checked.
It is instructive to take the nonrelativistic limit with one species of particle with mass m and with classical statistics. Using P pt = n pt T * , pt = (m + 3 2 T * )n pt , and assuming T m and n ex T 0 , one finds the standard van der Waals equation of state P ex (1−v 0 n ex ) = n ex T where v 0 = m/ 0 .
B. Model II
Now let us consider a different version of the excluded volume approximation where a hadron species α has volume v α . This is referred to as model II. Following the same procedure as for model I we find
Thus the chemical potential for species α is shifted by the amount
Thus the pressure must be calculated self-consistently from the equation
where P α pt (T,μ α ) is the point particle pressure for species α with effective chemical potentialμ α . Then the application of standard thermodynamic identities yields the following expressions.
One must pay attention to the notation used above: n pt α (T,μ α ) is the number density of particles of species α treated as non-interacting point particles, whereas the baryon density for point particles is α b α n pt α (T, µ α ), with b α the baryon number of species α. In this version of the excluded volume model one first calculates the thermodynamic properties with the true T and µ using the point particle expressions. Then one solves for the pressure self-consistently and uses it to renormalize the thermodynamic properties. Note that the chemical potential for each species has the same shift, they are additively modified, not multiplicatively renormalized as in model I. For example, the effective chemical potential for nucleons is µ − v N P ex (T, µ), for anti-nucleons it is −µ − v N P ex (T, µ), and for pions of any charge it is −v π P ex (T, µ) (always negative). Here we choose v α to be proportional to the mass, namely, v α = m α / 0 where 0 is a constant. Then the model should give results very similar to the other excluded volume model where it is proportional to the single particle energy.
A derivation which includes quantum statistics is straightforward. The obvious result is that one just calculates the point particle properties with the Bose-Einstein or Fermi-Dirac distributions instead of the Boltzmann distribution.
IV. SWITCHING FROM HADRONS TO QUARKS AND GLUONS
In this section we study the problem of a smooth switching from a purely hadronic equation of state at low temperatures to a purely quark-gluon equation of state at high temperatures. We will introduce a switching function to accomplish this. We will also deduce best-fit values for 0 in the two excluded volume models, which is a physically interesting result in its own right.
The idea of a switching function has been used in atomic and molecular systems for a long time, usually with little success. For example, it was found in [11] , in the context of the properties of steam, that it is generally impossible to interpolate monotonically all thermodynamic functions over a range where a system has a transition from one phase to another. While it may be straightforward to make a switching function from a free energy f 1 (T ) to f 2 (T ), either its first or second derivative will deviate greatly from any kind of weighted average of the derivatives of f 1 and f 2 alone. Sometimes this is physical: in a first-order phase transition, the first derivative of the free energy ∂f /∂T is discontinuous at the transition temperature, corresponding to a discontinuous change in heat capacity as well as a latent heat for the phase transition. However, lattice QCD calculations show no such discontinuities, at least for zero chemical potential, and the switching has to be done with great care.
We begin by constructing a pressure P which includes a hadronic piece P h , a perturbative QCD piece P qg , and a switching function S.
Here P h may be computed with any of the three hadronic models (pt, exI, exII). The switching function must approach zero at low temperatures and chemical potentials and approach one at high temperatures and chemical potentials. The switching function must also be very smooth to avoid introducing first, second, or higher-order phase transitions. We choose the following functional form
with integer r. This function is infinitely differentiable, and goes to zero faster than any power of T as T → 0 (when µ = 0). It has three parameters. However, we will choose µ 0 = 3πT 0 . There are two reasons for this choice. First, it is consistent with Eq. (2). Second, the crossover region at µ = 0 occurs around T = 170 MeV, whereas the crossover or phase transition is estimated to occur around µ = 1.25 GeV when T = 0; see [12] . The other thermodynamic variables must be calculated from the pressure. We now have two parameters in the switching function, two parameters in the perturbative QCD equation of state, and one parameter in the excluded volume equation of state ( 0 not necessarily the same for both models).
We now do a search on the parameters in each of the three models to obtain the best overall chi-square fit to both the pressure and the trace anomaly. Quantum statistics are used for the hadronic piece of the equation of state. The results of the fit are shown in Figs. 3 and 4. The switching function is shown in Fig. 5 , and the best fit parameters are shown in Table I . Table I . Lattice data is from [3] . Table I . Lattice data is from [3] . Some points to remark on follow.
(a) There is essentially no noticeable difference between the model I and model II curves.
The only physical difference between these models is whether the volume excluded by a hadron is proportional to its total energy or to its mass. Since the hadrons only make a significant contribution below about 200 MeV, the only particle that is really impacted by this difference are the pions, and they contribute only a small part of the total hadronic pressure.
(b) In excluded volume model I, 0 is the limiting energy density as T becomes large while the pressure increases linearly with T . In model II, both the energy density and the pressure grow slightly faster than T . Hence P h /T 4 ∼ 1/T 3 at high temperature. When multiplied by 1−S the hadrons contribute much less than the quarks and gluons, which behave approximately as P qg /T 4 ∼ constant.
(c) The best fit for model I is obtained with 0 = 1.149 GeV/fm 3 and for model II it is 0 = 797 MeV/fm 3 . These can be used to infer the hard core radius of the proton or neutron to be 0.580 fm for model I and 0.655 fm for model II, very sensible numbers.
(d) For the point hadron gas model the best fit is obtained with r = 4 while the second best fit is obtained with r = 5. For the excluded volume models it is just the opposite. However, the difference in the chi-square between those two values of r is very small.
(e) The value of T 0 for the point hadron gas is about 30 MeV smaller than for the excluded volume models. Thus the switching from hadrons to quarks and gluons occurs at a lower temperature. The reason is that P h for the point hadron model grows much faster with T than for the excluded volume models; see Fig. 1 and point (b). That fast growth must be cut-off by the switching function. An unnatural consequence is that there is a minor dip in the trace anomaly near a temperature of 115 MeV.
V. NONZERO CHEMICAL POTENTIAL
The equation of the state can be computed for nonzero baryon chemical potential. Comparisons are made with lattice results for µ = 400 MeV in Figs. 6 and 7. Again the two excluded volume models agree very well with the lattice results. The model with point hadrons does not agree as well. It should be emphasized that there are no free parameters in making these comparisons. All parameters were fixed already.
In Figs. 8 and 9 we show our results for the larger value µ = 600 MeV. The difference between the two excluded volume models continues to be insignificant, but now there are large -factor of 2 -differences between them and the point hadron model in the vicinity of T = 150 MeV. 
VI. CONCLUSION
In this paper we matched three semi-realistic hadronic equations of state at low energy densities to a perturbatively computed equation of state of quarks and gluons at high energy densities. All three hadronic equations of state include all known hadronic resonances, which approximates attractive interactions among hadrons. The other two include, in addition, repulsive interactions in the form of excluded volumes occupied by hadrons of finite spatial extent. A switching function was employed to make the crossover transition from one phase to another without introducing a thermodynamic phase transition. A chi-square fit to accurate lattice calculations at zero chemical potentials, with temperatures 100 < T < 1000 MeV, fixes the various parameters in the models. These parameters quantify the behavior of the QCD running gauge coupling and the physical size of hadrons. Notably, the hard core radius of protons and neutrons turns out to be 0.62 ± 0.04 fm, a very sensible range that lends credence to the models.
The most physically reasonable models include the excluded volume effect. Not only do they include the effects of attractive and repulsive interactions among hadrons, but they also represent the lattice results the best. As pointed out by [11] , it is very important to make the best possible approximation to the equation of state in two different phases when attempting to match them, especially when there is no true thermodynamic phase transition, but only a crossover.
The equations of state constructed in this paper do not result in a phase transition, at least not for the temperatures and baryon chemical potentials investigated. It remains to be seen how well these equations of state will represent experimental data on high energy heavy ion collisions when implemented in hydrodynamic simulations.
